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Abstract
We analyze the asymptotic stability of the SU(n) Dark Monopole solutions
and we show that there are unstable modes associated with them. We obtain the
explicit form of the unstable perturbations and the associated negative-squared
eigenfrequencies.
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1 Introduction
It is believed that the Standard Model can be embedded in a Grand Unified Theory
(GUT). In many of these GUTs, there is a scalar field φ in the adjoint representation
which produces a symmetry breaking of the gauge group G of the form1 G → G0 =
“K ×U(1)”, with a compact U(1), allowing the existence of topological monopoles [1–3].
In general, these monopole solutions possess a magnetic field taking values in the abelian
subalgebra h0 of the unbroken gauge group G0. These solutions are generalizations of
the ’t Hooft-Polyakov monopole [4,5]. On the other hand, in [6] we have found monopole
solutions whose magnetic field is not in the Cartan subalgebra h0. As a consequence, these
monopoles do not possess a magnetic flux in the direction of the electromagnetic U(1)em
generator. Thus, we have named them Dark Monopoles. These monopole solutions were
constructed for the case of a Yang-Mills-Higgs theory with an arbitrary gauge group
G = SU(n) broken to
G0 = [U(1)× SU(p)× SU(n− p)]/Z ,
by a vacuum configuration φ0 = v λp ·H/|λp|, where λp is a fundamental weight of SU(n)
and v is the vacuum expectation value (VEV). Therefore, as a particular case, these Dark
Monopoles can exist in SU(5) GUT.
Before we describe the summary of our construction, let us recall that for an arbitrary
root α we can define the generators2
T α1 =
Eα + E−α
2
, T α2 =
Eα − E−α
2i
, T α3 =
α ·H
α2
, (1)
which form an su(2) subalgebra. In what follows, we shall work with the roots of su(n),
which can be written as αij = ei − ej, i, j = 1, 2, . . . , n, where (ei)k = δik are the unit
vectors in the n-dimensional vector space. Hence, we can use the indices of these roots to
name the generators, e.g., T ija (a = 1, 2, 3) are the generators of eq. (1) associated with
the root αij .
We have constructed the Dark Monopole solutions associated with an SO(3) subgroup,
whose generators are
M3 = 2T
ij
2 ,
M1 = 2T
jk
2 , (2)
M2 = 2T
ki
2 ,
which we have called monopole generators. Note that M3 belongs to the unbroken group
G0, which implies that αij · λp = 0, while M1 and M2 are broken generators.
Now, we recall that for r > Rc, where Rc is the monopole core, our solutions have the
following asymptotic configuration
Wi = − 1
er
ǫijkn
jMk,
φ = v S + α
2∑
m=−2
Y ∗2,m(θ, ϕ)Qm ,
(3)
1Quotation marks refer to the local structure of the unbroken gauge group, only.
2In this paper, we shall adopt conventions and definitions of reference [6].
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where α = 2v√
6 |λp|
√
4pi
5
and e is the coupling constant of the theory. The generators Qm
form a quintuplet under the su(2) algebra of eq. (2) and are given by
Q0 =
2√
6
(
T ik3 + T
jk
3
)
,
Q±1 = ±
(
T ik1 ± i T jk1
)
,
Q±2 = −
(
T ij3 ± i T ij1
)
.
Besides that, S is a singlet. The gauge field configuration gives rise to the asymptotic
magnetic field
Bi = − n
i
er2
naMa = − x
i
er3
gM3g
−1 ,
where ni = xi/r and
g = exp (−iϕM3) exp (−iθM2) exp (iϕM3) . (4)
It is relevant to note that, for the Dark Monopoles, the asymptotic magnetic field has
the traditional hedgehog form in the subspace generated by the Mi generators, while the
scalar field belongs to the 5-dimensional subspace generated by the Qm generators.
Another relevant point to be resumed is that the Dark Monopoles possess an asymp-
totic symmetry associated with a Killing vector ζ , so that ζ = naMa outside the monopole
core. In addition, there is a gauge-invariant conserved current given by
JµM ≡
1
|ζ|y ∂νTr (
∗Gµνζ) ,
where |ζ¯| = 1 and ψ2y is the Dynkin index of the representation, while ψ is the highest
root of the Lie algebra of G, L(G). The current JµM implies a non-abelian magnetic charge
QM = −8π/e. On the other hand, we have also shown that QM can be understood in
a geometrical way, in terms of the Poincaré-Hopf index for ζ . In fact, this topological
quantity measures the number of times ζˆ covers a 2-sphere in internal space as rˆ covers
S2∞ once. Again, we recall that the magnetic charge of these Dark Monopoles is not the
usual one in the abelian direction, but a non-abelian case in the ζ−direction.
Nevertheless, the question regarding the stability of these Dark Monopoles was still
open. In the present paper, we shall analyze this problem. In order to do that, we shall
proceed with an asymptotic stability analysis to understand whether the conservation of
this non-abelian magnetic charge can make the Dark Monopoles stable. The problem
of stability for monopole solutions was first investigated by Brandt and Neri [7] and
Coleman [8], for the case of singular non-abelian monopoles. The case of non-singular
solutions was analyzed by [9,10], while the specific case of the ’t Hooft-Polyakov monopole
was investigated by [11]. Here we follow a different approach to this problem, even though
we recover the results of [7,8,12]. Finally, we note that stability analysis was also applied
to other topological solutions [13–18].
This paper is organized as follows: in section 2, we obtain the equations for the per-
turbations of the Higgs and gauge fields. In section 3, we solve the equation for the gauge
field perturbation and obtain a general result for all the unstable eigenfrequencies which
may occur for SU(n) Dark Monopoles. In section 4, we obtain the explicit form of the
unstable perturbations. Finally, in section 5 we present our discussions and conclusions.
2
2 Linear Perturbations
In this section, we shall analyze the equations for the perturbations of the fields of SU(n)
Dark Monopoles, which is a generalization of the ’t Hooft-Polyakov case (see, for instance,
[12] and references therein).
Given the Dark Monopole solution, let us consider the perturbed configuration
φ = φ¯+ δφ , (5)
Wi = W¯i + δWi , (6)
where φ¯, W¯i are the original fields of the Dark Monopole solution, given by eq. (3). The
perturbations are such that δφ = δφ(x, t) and δWi = δWi(x, t). Moreover,
Di = D¯i + ie [δWi, · ] ,
with D¯i = ∂i + ie [W¯i, · ]. Hence, up to first order in perturbations,
Diφ = D¯iφ¯+ D¯iδφ+ ie [δWi, φ¯] ,
Gij = G¯ij + D¯iδWj − D¯jδWi ,
implying that
DiGij = D¯iG¯ij + D¯iD¯iδWj − D¯iD¯jδWi − ie[G¯ij, δWi] , (7)
ie [φ,Djφ] = ie [φ¯, D¯jφ¯]− D¯jD¯iδWi − 2ie [D¯jφ¯, δφ] + e2 [φ¯, [φ¯, δWj]] . (8)
Note that, in order to obtain eq.(8), we have used the background gauge condition [19]
D¯iδWi + ie [φ¯, δφ] = 0 , (9)
so that we eliminate redundancies associated with the gauge freedom. The surviving gauge
modes correspond to global gauge transformations in the unbroken subgroup, which are
physically relevant.
Plugging these results into the equation of motion
DµG
µν = −ie [φ,Dνφ] ,
while using the fact that W0 = 0 = δW0, we obtain that
∂20 δWj = D¯iD¯iδWj + 2ie ǫkij [B¯k, δWi] + 2ie [D¯jφ¯, δφ]− e2 [φ¯, [φ¯, δWj ]] . (10)
We shall only consider perturbations to the asymptotic monopole configuration, i.e. out-
side the monopole core, where r > Rc. In this region, B¯k = − nker2 nlMl and D¯jφ¯ = 0,
which implies that the above equation simplifies to
∂20 δWi = D¯mD¯mδWi − 2i ǫijk
nj
r2
[nlMl, δWk]− e2 [φ¯, [φ¯, δWi]] . (11)
On the other hand, from the equation of motion for the Higgs field3
Dµ (D
µφ) = −2λ
(
φ2 − v2
)
φ ,
3By φ2 we mean Tr
(
φφ
y
)
.
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we can see that the scalar field perturbation satisfies
∂20δφ−Di (Diφ) = −2λ
(
φ2 − v2
)
φ .
Then, it follows that
∂20 δφ = D¯iD¯iδφ−2ie [D¯iφ¯, δWi]−e2 [φ¯, [φ¯, δφ]]−2λ
(
1
y
Tr
(
φ¯φ¯
)
− v2
)
δφ− 4λ
y
Tr
(
φ¯δφ
)
φ¯ .
Once more, for the asymptotic configuration, the above equation simplifies to
∂20δφ = D¯iD¯iδφ− e2 [φ¯, [φ¯, δφ]]−
4λ
y
Tr
(
φ¯δφ
)
φ¯ . (12)
Now, the structure of eqs. (11) and (12) suggests that the spatial and temporal dependence
can be factorized as
δWi(x, t) = exp (iωGt) δWi (x) ,
δφ(x, t) = exp (iωφt) δφ(x) ,
which implies that they can be written as
−ω2
G
δWi = D¯mD¯mδWi − 2i ǫijk n
j
r2
[nlMl, δWk]− e2 [φ¯, [φ¯, δWi]] , (13)
−ω2φδφ = D¯iD¯iδφ− e2 [φ¯, [φ¯, δφ]]−
4λ
y
Tr
(
φ¯δφ
)
φ¯ . (14)
In the sequence, we shall show that ω2φ is always greater than zero, which means that
the Higgs field perturbation does not contribute to any unstable mode. This assertion is
also related to the fact that the linearized equations for perturbations of the gauge and
Higgs fields decouple for asymptotic non-BPS monopole configurations.
Let us start by recalling the fact that we want the new (perturbed) configuration
φ = φ¯ + δφ, Wi = W¯i + δWi to have finite energy, which implies that it must satisfy
Diφ = 0 asymptotically. This means that, up to first order,
Diφ = D¯i
(
φ¯+ δφ
)
+ ie [δWi, φ¯] = 0 .
Moreover, recalling that the original (unperturbed) asymptotic configuration was such
that D¯iφ¯ = 0, we get that
D¯iδφ+ ie [δWi, φ¯] = 0 .
Then, acting with D¯i on the above equation and making use of eq. (9) we obtain that
D¯iD¯iδφ− e2 [φ¯, [φ¯, δφ]] = 0 .
Using this result into eq. (14), we see that
ω2φδφ =
4λ
y
Tr
(
φ¯δφ
)
φ¯ . (15)
Thus, we only have two possibly interesting cases to analyze when δφ 6= 0:
1. Tr
(
φ¯δφ
)
= 0, which implies that ω2φ = 0.
4
2. Tr
(
φ¯δφ
)
6= 0. Then, we can multiply both sides of eq. (15) by 1
y
φ¯ and take the
trace in order to see that
ω2φ = 4 λ
Tr
(
φ¯φ¯
)
y
= 4λ v2 ≥ 0 . (16)
Therefore, the Higgs field perturbations cannot generate any unstable mode. Hence, from
now on we shall take δφ = 0, in order to simplify the calculations of the eigenmodes
related to the gauge field. Note that, after setting δφ = 0, we have a simpler background
gauge condition derived from eq. (9). It reads,
D¯iδWi = 0 . (17)
In order to analyze the spectrum of eq. (13), we shall investigate its symmetries first.
Let Li = −iǫijkxj∂k be the orbital angular momentum and Mi, i = 1, 2, 3, the monopole
generators. Since,
[Li, Lj] = iǫijkLk ,
[Mi,Mj] = iǫijkMk ,
we can use the standard rules for addition of angular momentum to define
Ji ≡ Li +Mi = −iǫijkxjD¯k + x
i
r2
xmMm ,
where in the last equality we have used the asymptotic form of the original Dark Monopole
gauge field given by eq. (3).
Further, we shall define the generalized angular momentum J˜i to be
J˜i = Ji + Si ,
where Si is the spin operator, so that
(Si)jk δWk = −iǫijkδWk ,
which implies that (Si)jl (Si)lk δWk = 2 δWj. Then, making use of eq. (17) as well as the
choice xiδWi = 0 (associated with the fact that there is no radial gauge field component),
one can see that
(
J˜2
)
ij
δWj = −r2D¯2mδWi + ∂r
(
r2∂r
)
δWi +
1
r2
[xlMl, [x
kMk, δWi]]
+ 2 ie ǫijk
xj
r2
[xlMl, δWk] .
(18)
Then, the result of eq. (18) can be used to rewrite eq. (13) as
− ω2
G
δWi =
1
r2
∂r
(
r2∂r
)
δWi −
(
J˜2
)
ij
δWj − [nlMl, [nkMk, δWi]]
r2
− e2 [φ¯, [φ¯, δWi]] . (19)
Moreover, for the perturbed solution to have finite energy, Diφ = 0 for r > Rc. Now,
since δφ = 0, we obtain that [δWi, φ¯] = 0. This means that at each point in space δWi
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lies in the unbroken gauge group G0(rˆ) and the mass term [φ¯, [φ¯, δWa]] in eq. (19) is zero.
Hence, we only have to deal with
− ω2
G
δWi =
1
r2
∂r
(
r2∂r
)
δWi −
(
J˜2
)
ij
δWj − [nlMl, [nkMk, δWi]]
r2
. (20)
This is the expected result since only long-range gauge perturbations can interfere in the
asymptotic linear stability analysis.
Finally, note that we can use the gauge covariance of eq. (20) to perform a gauge trans-
formation associated with g(θ, ϕ), given by eq. (4), in order to proceed with calculations
in a more convenient way. This transformation is such that
niMi = g(θ, ϕ)M3 g
−1(θ, ϕ) .
Then, we define
Ji = g−1(θ, ϕ) J˜i g(θ, ϕ) ,
δWi = g−1(θ, ϕ) δWi g(θ, ϕ) ,
so that we can write eq. (20) as
− ω2
G
δWi = 1
r2
∂r
(
r2∂r
)
δWi −
(J 2)ij δWj − [M3, [M3, δWi]]
r2
. (21)
The convenience lies in the fact that the expressions for the perturbations δWa are much
simpler and lead directly to the solution of δWi.
3 Reduction to Radial Equation
A careful analysis shows that eq. (21) has a useful set of symmetries which reduce our
problem to a radial equation since the differential operator acting on δWi commutes with
J3,J 2 and M3. Then, we can work with perturbations that are written in terms of
simultaneous eigenfunctions of these generators.
Moreover, recalling the fact that δWi belongs to L(G0), we can write
δWi =
∑
a
Pa(r)Y qJMia (θ, ϕ) , (22)
where Pa(r) ∈ R is a radial function such that Pa(Rc) = 0 and Pa(r →∞) = 0. Further-
more, we define
Y qJMia = Y qJMi T (q)a , (23)
where Y qJMi are the monopole vector spherical harmonics [7, 20–23]
Y qJMi (θ, ϕ) =
+j∑
m=−j
+1∑
m′=−1
〈JM |j,m; 1, m′〉 Y qjm(θ, ϕ)χm′i , (24)
with Y qjm(θ, ϕ) being the monopole spherical harmonics of Wu and Yang [24] and
χ−1 =
1√
2


1
−i
0

 , χ0 = 1√
2


0
0
1

 , χ1 = 1√
2


−1
−i
0

 , (25)
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while T (q)a are generators in L(G0) such that[
M3, T
(q)
a
]
= q T (q)a . (26)
Then, the functions of eq. (23) satisfy(
J 2
)
ij
YqJMj = J (J + 1)YqJMi , (27a)
(J3)ij YqJMj = M YqJMi , (27b)
[M3,YqJMi ] = qYqJMi , (27c)
where J = |q|−1, |q|, |q|+1, . . . , except when |q| = 0 or |q| = 1
2
, where the minimum value
of J starts at Jmin = |q|. As usual, −J ≤ M ≤ J , while we shall analyze the possible
values of |q| in section 4. The range of values for J comes directly from the standard rules
for addition of angular momentum [8,25].
Then, after plugging eq. (22) into eq. (21) and using the results eqs. (27a) to (27c),
we obtain that
− ω2
G
Pa(r) =
1
r2
d
dr
(
r2
d
dr
)
Pa(r)− J(J + 1)− q
2
r2
Pa(r) , (28)
with the aforementioned boundary conditions. We know that a linear instability happens
when ω2
G
< 0, i.e., when the time-dependence has the form of exp (|ωG|t). Now, we shall
proceed with an analysis of the radial differential equation (28).
First, we make a change of variables from r to the dimensionless ξ = evr and write
the equation in the form of a Sturm-Liouville4 problem
−
[
ξ2 P ′a(ξ)
]′
+ [J(J + 1)− q2]Pa(ξ) = ω¯2 ξ2 Pa(ξ) , (29)
where
ω¯2 ≡ ω
2
G
e2v2
.
Once more we recall that the boundary conditions are P (ξc) = 0 = P (ξ → ∞), while
primes denote derivatives with respect to ξ. In the sequence, let us make Pa(ξ) =
ξ−1/2fa(ξ) so that eq. (29) gives
ξ2f ′′a (ξ) + ξf
′
a(ξ) +
(
ω¯2ξ2 − σ2
)
fa(ξ) = 0 , (30)
with
σ =
√
(J + 1/2)2 − |q|2 .
Note that eq. (30) is in the form of a Bessel equation [26] and that σ is either real or purely
imaginary. Then, we can analyze the solutions for the possible values J can assume.
First, when J ≥ |q|, i.e., when |q| = 0 or 1/2, we see that σ ∈ R implying that the
solution takes the form of
Pa(ξ) = C1ξ
−1/2 [Jσ(ω¯ξ)Yσ(ω¯ξc)− Jσ(ω¯ξc)Yσ(ω¯ξ)] , (31)
where C1 is an arbitrary constant, ξc ≤ ξ ≤ ∞ while Jσ(ω¯ξ) and Yσ(ω¯ξ) denote the Bessel
functions of the first and second kind, respectively5. Note that we have already used our
4Note, however, that this is not the ordinary Sturm-Liouville case since the interval is semi-infinite.
5Note that, when σ is not an integer or half-integer, the solution is written with J
−σ(ω¯ξ) instead of
Yσ(ω¯ξ)
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first boundary condition. Now, one can verify that if ω¯ ∈ R the spectrum is continuous
and the condition at ξ →∞ does not impose any new constraint to the solution. On the
other hand, if we look for a solution where ω¯ is purely imaginary, we find that eq. (31) can
be written, up to a phase, in terms of the modified Bessel functions of real order, which
implies that the boundary conditions cannot be satisfied simultaneously. This happens
since a solution of the form of eq. (31), written to satisfy the boundary condition at ξc,
will diverge as ξ →∞. Therefore, there are no unstable modes in this situation.
In the sequence, we can analyze the case where J = |q| − 1, associated with |q| ≥ 1.
In this case, σ = iν, that is
ν =
√
|q| − 1/4 ,
where now ν ∈ R. Using the results of [27], one can show that this problem has a
continuous spectrum when ω¯2 > 0. Nevertheless, our interest here lies in the case of
ω¯2 < 0, so that eq. (30) takes the form
ξ2f ′′a (ξ) + ξf
′
a(ξ)−
(
|ω¯|2ξ2 − ν2
)
fa(ξ) = 0 . (32)
This implies that solutions take the form of modified Bessel functions of purely imaginary
order [26]. We choose to write a general solution in terms of the linearly independent
solutions [27]
Lµ(z) =
iπ
2 sin(µπ)
[Iµ(z) + I−µ(z)] ,
Kµ(z) =
π
2 sin(µπ)
[I−µ(z)− Iµ(z)] ,
where Iµ(z) stands for the modified Bessel function of the first kind, for µ 6= 0, µ ∈ C and
a complex variable z. Now, these functions possess the desirable property that, for the
special case of our real variable ξ with ν ∈ R∗+, it follows that Liν(ξ), Kiν(ξ) ∈ R. This
implies that a general solution to eq. (32), written in terms of Pa(ξ), is given by
Pa(ξ) = ξ
−1/2 [A1aLiν(|ω¯|ξ) + A2aKiν(|ω¯|ξ)] ,
with A1a, A2a ∈ R. However, from the asymptotic behavior of these functions as ξ →∞
Liν(|ω¯|ξ) ≈ 1
sinh(νπ)
√
π
2|ω¯|ξ exp(|ω¯|ξ)
{
1 +O
(
1
|ω¯|ξ
)}
,
Kiν(|ω¯|ξ) ≈
√
π
2|ω¯|ξ exp(−|ω¯|ξ)
{
1 +O
(
1
|ω¯|ξ
)}
,
we see that only Kiν(|ω¯|ξ) is able to satisfy our condition at infinity.
Therefore, the solution to Pa(ξ) is going to be of the form
Pa(ξ) = A1a ξ
−1/2Kiν(|ω¯|ξ) . (33)
The boundary condition Pa(ξc) = 0 implies that |ω¯|ξc must be a root of Kiν(|ω¯|ξ). From
[27], we know that any root kn, n = 1, 2, . . . , is such that 0 < kn < ν. This means that
|ω¯| = kn/ξc, which leads to
ω¯2 = −
(
kn
ξc
)2
.
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That is, there will be one negative squared-eigenfrequency related with each one of the
roots of Kiν(|ω¯|ξ). In the case of our SU(N) Dark Monopoles [6], ξc = |λp| implying that
ω¯2 = −
(
kn
|λp|
)2
. (34)
Then the task of calculating the possible negative squared-eigenfrequencies comes down
to the calculation of the roots of Kiν(|ω¯|ξ). Moreover, up to an overall normalization, the
eigenfunctions associated with these eigenmodes will be of the form of (33).
4 Dark Monopoles Unstable Modes
In order to find the Dark Monopole unstable modes explicitly, we shall first determine
the generators T (q)a associated with |q| ≥ 1. With this aim, let us write
M3 = 2T
α
2 = 2S T
α
3 S
−1 = S (α ·H) S−1 ,
with S = exp
(
ipi
2
T α1
)
∈ L(G0) and α2 = 2, which is true for all roots of su(n). Then, for
each Hi, Eβ ∈ L(G0), we can define
hi = S Hi S
−1 , (35a)
eβ = S Eβ S
−1 , (35b)
where hi, eβ ∈ L(G0). Note that, only here, i ranges from 1 to r, the rank of L(G). Then,
M3 can be written as M3 = α · h, which implies that
[M3, hj] = 0 ,
[M3, eβ] = (α · β) eβ .
(36)
Comparing the result of eq. (36) with the one of eq. (26), we conclude that the unstable
eigenmodes are the ones associated with generators eβ , where β satisfy the condition
|q| = |α · β| ≥ 1 ,
Therefore, for a Dark Monopole associated with M3 = 2T
α
2 , we can have unstable modes
related to e±α where |q| = 2 and to e±β for a root β such that |α · β| = 1, where |q| = 1.
Otherwise, |q| = 0 and no instability is possible.
Now, recalling eq. (24) together with the fact that
i) 〈JM |j,m; 1, m′〉∗ = 〈JM |j,m; 1, m′〉 ,
ii) Y ∗ qjm = (−1)q+m Y −q,j,−m ,
iii) χm
′∗
i = (−1)m′χ−m
′
i
one can show that, for J = |q| − 1
Y ∗ qJMi (θ, ϕ) = (−1)q+M Y −q,J,−Mi (θ, ϕ) . (37)
And since we want δW† = δW, we find the solutions
δWi(~r, t) = c ξ−1/2Kiν (|ω¯|ξ) e+|ω¯|t
[
Y qJMi eβ ± Y −q,J,−Mi e−β
]
(38)
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with the positive sign for the case when q +M is even and the negative one for q +M
odd. Recalling section 3 and the results above, ν is given by
ν =


√
3/2, if |q| = 1 ,√
7/2, if |q| = 2 . (39)
Furthermore, the negative-squared eigenfrequency |ω¯| is given by eq. (34), depending
directly on the roots of Kiν(|ω¯|). These roots can be found numerically [28], where one
can see that for ν =
√
3/2 there is only one root at |ω¯|ξc = 0.0329, while ν =
√
7/2
possess two roots, one at |ω¯|ξc = 0.0145 and another one at |ω¯|ξc = 0.1565. These values
correspond to the possibilities of eigenfrequencies to our problem, while the eigenfunctions
will start at one of these roots and go to zero at infinity.
Finally, we show the explicit results for the case of a SU(5) Dark Monopole, where
ξc = |λp| with p = 2 or 3 [6], so that |λp| =
√
6/5. The only eigenfrequency associated
with |q| = 1 is ω¯2|q|=1 = −0.0009, while the two eigenfrequencies related to |q| = 2 are
ω¯2|q|=2 = −0.2041 and ω¯2|q|=2 = −0.0018.
5 Discussions and conclusion
In this paper we have analyzed the asymptotic stability of the SU(n) Dark Monopole
solutions. Although these monopoles possess a conserved topological charge, it does not
guarantee their stability.
We have showed that the unstable perturbations are associated with the generators of
the unbroken group G0 with eigenvalues |q| = 1 and |q| = 2 with respect to the monopole
generatorM3. This result is analogous to the well-known criteria from the work of Brandt
and Neri [7] for non-abelian singular monopoles. We have obtained the explicit form of
these unstable perturbations and the corresponding eigenfrequencies.
In principle, the existence of a conservation law associated with an asymptotic symme-
try of the field configuration could provide a dynamical stability to our solution. However,
we saw that this is not the case. Thus, we expect this conserved non-abelian magnetic
charge (in the ζ-direction), to radiate away from the monopole. As a comparison, in the
’t Hooft-Polyakov monopole the Killing vector is the Higgs field itself, implying it cannot
be unwound by means of a continuous deformation without taking the asymptotic scalar
field out of the vacuum manifold since this would require an infinite energy.
The fact that these SU(n) Dark Monopoles are static and unstable indicates that they
are saddle point solutions to the classical field equations, i.e., they are a stationary point
of the energy, but not a minimum. Saddle point solutions occur in many field theories (see,
for instance, [29, 30]), where we take as examples the electroweak sphaleron of Manton
and Klinkhamer [31] and the monopole-antimonopole pair of Taubes [32, 33].
Therefore, it would be interesting to investigate if the existence of Dark Monopoles
can also be associated with a non-trivial topology of the configuration space, in a similar
way to the work of James [34] for the electroweak strings.
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